The multiple-sets split equality problem (MSSEP) requires finding a point
Introduction and preliminaries
Throughout this paper, we assume that H is a real Hilbert space, C is a subset of H. Denote by CB(H) the collection of all nonempty closed and bounded subsets of H and by Fix(T) the set of the fixed points of a mapping T. The Hausdorff metricH on CB(H) is defined bỹ Definition . Let R : H → CB(H) be a multi-valued mapping. An element p ∈ H is said to be a fixed point of R, if p ∈ Rp. The set of fixed points of R will be denoted by Fix(R). R is said to be (i) nonexpansive, ifH(Rx, Ry) ≤ x -y , ∀x, y ∈ H; (ii) quasi-nonexpansive, if Fix(R) = ∅ andH(Rx, Ry) ≤ x -y , ∀x ∈ H, y ∈ Fix(R).
Let {C  , C  , . . . , C N } and {Q  , Q  , . . . , Q M } be nonempty closed convex subsets of real Hilbert spaces H  and H  , respectively, and let A : H  → H  be a bounded linear operator. ©2014 Wu et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.journalofinequalitiesandapplications.com/content/2014/1/428
Recall that the multiple-sets split feasibility problem (MSSFP) is to find a point x satisfying the property: Let
The original problem can now be reformulated as finding w = (x, y) ∈ S with Gw = , or, more generally, minimizing the function Gw over w ∈ S. Therefore solving SEP (.) is equivalent to solving the following minimization problem:
In the paper [], we use the well-known Tychonov regularization to get some algorithms that converge strongly to the minimum-norm solution of the SEP. Note that to implement these algorithms, one has to find the projection on the closed convex sets, which is not possible except in simple cases. http://www.journalofinequalitiesandapplications.com/content/2014/1/428
The purpose of this paper is to introduce and study the following split equality problem for quasi-nonexpansive multi-valued mappings in infinitely dimensional Hilbert spaces, i.e., to find w = (x, y) ∈ C such that
where
In the rest of this paper, we still use to denote the set of solutions of SEP (.), and assume consistency of SEP so that is closed, convex, and
The multiple-sets split equality problem (MSSEP) for a family quasi-nonexpansive multi-valued mappings in infinitely dimensional Hilbert spaces, i.e., to find w = (x, y) ∈ C such that
In the rest of this paper, we use¯ to denote the set of solutions of MSSEP (.), and assume consistency of MSSEP so that¯ is closed, convex, and
In this paper, we study the SEP and MSSEP for a family of quasi-nonexpansive multivalued mappings in the framework of infinite-dimensional Hilbert spaces, and propose an algorithm to solve the SEP and MSSEP not requiring to compute the projection on the closed convex sets.
We now collect some definitions and elementary facts which will be used in the proofs of our main results.
Definition . Let H be a Banach space.
() A multi-valued mapping R : H → CB(H) is said to be demi-closed at the origin if, for any sequence {x n } ⊆ H with x n converges weakly to x and d(x n , Rx n ) → , we have x ∈ Rx. () A multi-valued mapping R : H → CB(H) is said to be semi-compact if, for any bounded sequence {x n } ⊆ H with d(x n , Rx n ) → , there exists a subsequence {x n k } such that {x n k } converges strongly to a point x ∈ H.
Lemma . [, ] Let X be a Banach space, C a closed convex subset of X, and T : C → C a nonexpansive mapping with Fix(T) = ∅. If {x n } is a sequence in C weakly converging to x and if {(I -T)x n } converges strongly to y, then (I -T)x = y.

Lemma . []
Let H be a Hilbert space and {w n } a sequence in H such that there exists a nonempty set S ⊆ H satisfying the following: (i) for every w ∈ S, lim n→∞ w n -w exists;
(ii) any weak-cluster point of the sequence {w n } belongs to S. Then there existsw ∈ s such that {w n } weakly converges tow. () T ≤  (i.e., T is nonexpansive) and averaged;
Iterative algorithm for SEP
In this section, we establish an iterative algorithm that converges strongly to a solution of SEP (.).
Algorithm . For an arbitrary initial point w  = (x  , y  ), the sequence {w n = (x n , y n )} is generated by the iteration:
where α n >  is a sequence in (, ) and  < γ < λ = /ρ(G * G) with ρ(G * G) being the spectral radius of the self-adjoint operator
and R  , R  are quasi-nonexpansive multi-valued mappings on H  , H  , respectively.
To prove its convergence we need the following lemma.
Lemma . Any sequence {w n } generated by Algorithm (.) is Féjer-monotone with respect to , namely for every w ∈ ,
Proof Let u n = (I -γ G * G)w n and taking w ∈ , by Lemma ., w ∈ Fix(P S ) ∩ Fix(I -γ G * G), Gw =  and we have
On the other hand, we have
Hence, we have
It follows that w n+ -w ≤ w n -w , ∀w ∈ , n ≥ .
Theorem . If  < lim inf n→∞ α n ≤ lim sup n→∞ α n <  and R  , R  are demi-closed at the origin, then the sequence {w n } generated by Algorithm (.) converges weakly to a solution of SEP (.). In addition, if R  , R  are semi-compact, then {w n } converges strongly to a solution of SEP (.).
Proof For any solution of SEP w, according to Lemma ., we see that the sequence w n -w is monotonically decreasing and thus converges to some positive real. Since  < lim inf n→∞ α n ≤ lim sup n→∞ α n <  and  < γ < λ, by (.), we can obtain
From the Féjer-monotonicity of {w n } it follows that the sequence is bounded. Denoting byw a weak-cluster point of {w n } let v = , , , . . . be the sequence of indices, such that w n v converges weakly tow. Then, by Lemma ., we obtain Gw = , and it follows that w ∈ Fix(I -γ G * G).
Since R  , R  are demi-closed at the origin, it is easy to check that R is demi-closed at the origin. Now, by setting u n = (I -γ G * G)w n , it follows that u n v converges weakly tow.
Since d(u n , Ru n ) → , and R is demi-closed at the origin, we obtainw ∈ Fix R = C × Q, i.e., P S (w) =w. That is to say,w ∈ Fix(P S ). Hencew ∈ Fix(P S ) ∩ Fix(I -γ G * G). By Lemma ., we find thatw is a solution of SEP (.). The weak convergence of the whole sequence {w n } holds true since all conditions of the well-known Opial lemma (Lemma .) are fulfilled with S = .
Moreover, if R  , R  are semi-compact, it is easy to prove that R is semi-compact, and since d(u n , Ru n ) → , we get the result that there exists a subsequence of {u n i } ⊆ {u n } such that u n i converges strongly to w * . Since u n v converges weakly tow, we have w * =w and so u n i converges strongly tow ∈ . From the Féjer-monotonicity of {w n } and w n+ -u n = ( -α n ) u n -v n → , we can find that w n -w → , i.e., {w n } converges strongly to a solution of the SEP (.).
Iterative algorithm for MSSEP
In this section, we establish an iterative algorithm that converges strongly to a solution of the following MSSEP (.) for a family quasi-nonexpansive multi-valued mappings in infinitely dimensional Hilbert spaces.
The original problem can now be reformulated as finding w = (x, y) ∈ S with Gw = , or, more generally, minimizing the function Gw over w ∈ S. Algorithm . For an arbitrary initial point w  = (x  , y  ), sequence {w n = (x n , y n )} is generated by the iteration:
 are a family of quasi-nonexpansive multi-valued mappings on H  , H  , respectively.
The proof of the following lemma is similar to Lemma ., and we omit its proof.
To prove its convergence we also need the following lemma.
Lemma . Any sequence {w n } generated by Algorithm (.) is the Féjer-monotone with respect to¯ , namely for every w ∈¯ ,
Proof Let u n = (I -γ G * G)w n and taking w ∈¯ , by Lemma ., w ∈ Fix(P S j ) ∩ Fix(I -γ G * G), ∀N ≥ i ≥ , Gw =  and we have
On the other hand, in the same way as in the proof of Lemma ., we have
It follows that w n+ -w ≤ w n -w , ∀w ∈¯ , n ≥ . Proof From (.), and the fact that  < lim inf n→∞ α n ≤ lim sup n→∞ α n <  and  < γ < λ = /ρ(G * G), we obtain
Therefore,
It follows from the Féjer-monotonicity of {w n } that the sequence is bounded. Letw be a weak-cluster point of {w n }. Take a subsequence {w n k } of {w n } such that w n k converges weakly tow. Then, by Lemma ., we obtain Gw = , and it follows thatw ∈ Fix(I -γ G * G).
Now, by setting u n = (I -γ G * G)w n , it follows that u n k converges weakly tow.
Since
we have ∞ n= w n+ -w n  < ∞.
On the other hand,
that is,  are demi-closed at the origin, it is easy to check that R j is demi-closed at the origin, and it follows thatw ∈ N j= Fix R j = C × Q, i.e., P S (w) =w. That is to sayw ∈ Fix(P S ). Hencew ∈ Fix(P S ) ∩ Fix(I -γ G * G). By Lemma ., we get thatw is a solution of the MSSEP (.).
The weak convergence of the whole sequence {w n } holds true since all conditions of the well-known Opial lemma (Lemma .) are fulfilled with S =¯ .
Moreover, if R
